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We present a detailed study of the vibrational properties of Single Wall Carbon Nanotubes
(SWNTs). The phonon dispersions of SWNTs are strongly shaped by the effects of electron-phonon
coupling. We analyze the separate contributions of curvature and confinement. Confinement plays
a major role in modifying SWNT phonons and is often more relevant than curvature. Due to their
one-dimensional character, metallic tubes are expected to undergo Peierls distortions (PD) at T=0K.
At finite temperature, PD are no longer present, but phonons with atomic displacements similar to
those of the PD are affected by strong Kohn anomalies (KA). We investigate by Density Functional
Theory (DFT) KA and PD in metallic SWNTs with diameters up to 3 nm, in the electronic temper-
ature range from 4K to 3000 K. We then derive a set of simple formulas accounting for all the DFT
results. Finally, we prove that the static approach, commonly used for the evaluation of phonon
frequencies in solids, fails because of the SWNTs reduced dimensionality. The correct description of
KA in metallic SWNTs can be obtained only by using a dynamical approach, beyond the adiabatic
Born-Oppenheimer approximation, by taking into account non-adiabatic contributions. Dynamic
effects induce significant changes in the occurrence and shape of Kohn anomalies. We show that the
SWNT Raman G peak can only be interpreted considering the combined dynamic, curvature and
confinement effects. We assign the G+ and G− peaks of metallic SWNTs to TO (circumferential)
and LO (axial) modes, respectively, the opposite of semiconducting SWNTs.
PACS numbers: 78.67.Ch, 63.20.Dj, 63.20.Kr, 71.15.Mb, 78.30.-j
I. INTRODUCTION
Carbon nanotubes are at the center of nanotechnol-
ogy research1,2. The determination of their structure,
phonon dispersions, and Raman spectra is a most intense
area of investigation since their discovery3,4,5,6. Single
wall nanotubes (SWNTs) can be described either as gi-
ant molecules or one-dimensional crystals. Due to their
reduced dimensionality, confinement effects play a fun-
damental role in shaping their physical properties, such
as the metallic or semiconducting character or the elec-
tron transport mechanisms. Optical phonons of SWNTs
are extremely important. Indeed, they contribute the
most intense features in the Raman spectra. These are
commonly used to sort metallic from semiconducting
SWNTs. Electron scattering by optical phonons also sets
the ultimate limit of high field ballistic transport7,8,9,10,
due to hot phonon generation10,11. Electron-phonon cou-
pling (EPC) is the key physical parameter necessary
to quantify the phonons interaction with electrons. In
metallic SWNTs the EPC strongly affects the phonon fre-
quencies, giving rise to Kohn Anomalies (KA)12,13,14,15,16
and Peierls Distortions (PD)15,17,18,19,20,21,22,23,24. A cor-
rect understanding and a quantitatively precise descrip-
tion of electron-phonon coupling, Kohn anomalies, and
Peierls distortions in SWNTs is then of prime scientific
and technological interest.
Experimentally, the most commonly studied SWNTs
have diameters from 0.8 nm, up to 3 nm, with hun-
dreds to thousands atoms per unit cell. Covering such
diameter range pushes the limits of computational ap-
proaches. SWNTs optical phonons were calculated us-
ing phonon zone folding18,25,26,27, tight binding28,29,30,31
(TB), density functional theory (DFT),17,18,19,20,27,32,33
and symmetry-adapted models31,34,35,36,37. The simplest
approach to get SWNT phonons, consists in folding those
of graphene4,5,18,38. This requires the prior calculation
of graphene phonons either by TB25,26,38, DFT12,18,27,39
or by other approaches37. Phonon zone folding (PZF)
is not limited by the size of the SWNT unit cell. How-
ever, even if SWNT electrons are well described by folded
graphene40, this is not always true for phonons. We have
shown that graphene has two KA at Γ and K12. Due
to their reduced dimensionality, metallic SWNTs have
much stronger KA than graphene12,13,14. Thus, folded
graphene cannot give a reliable phonon dispersion of
metallic SWNTs close to the Kohn anomalies, no matter
how accurate the graphene phonons12,39. On the other
hand, semiconducting SWNTs cannot have KA. So, even
in this case, folded graphene may not correctly describe
the phonons.
These problems can be overcome by means of TB or
DFT calculations. Indeed, the EPC effects can be taken
into account in TB models8,41,42. However, the EPC
strongly depend on the TB parameterisation, and con-
trasting values are found in literature8,10,41,42,43. Also,
most TB works failed to identify KA28,29,30. DFT di-
rectly includes EPC effects, and, being an ab-initio tech-
nique, does not rely on external adjustable parameters.
However, this better accuracy is obtained at the price of
2a significant increase of the computational time demand,
which makes the evaluation of SWNT properties a chal-
lenge. As a result, most DFT works focus on extremely
small tubes19,20 and/or achiral tubes17,18,27. Finally, in
all the approaches used to compute phonon frequencies,
the time dependent nature of phonons is neglected. This
approximation, which results in a static description of the
atomic vibration, is usually legitimate in tri-dimensional
crystals44,45, but, as we will show, does not necessarily
hold for one-dimensional systems.
In this paper we show that SWNTs are a major ex-
ception, and that a correct description of their optical
phonons can only be achieved by carefully considering
the dynamical nature of phonons. We first analyze the
static case and single out the effects of curvature and
confinement. Confinement plays a major role in shaping
SWNT phonons and is often more relevant than curva-
ture. We present an electronic zone folding method al-
lowing the static DFT calculation of confinement effects
on phonon-dispersions and EPC of SWNTs of any diame-
ter and chirality, and for any electronic temperature (Te).
We investigate KA and PD in metallic SWNTs with di-
ameters up to 3 nm and for Te=4 to 3000 K. We present a
simple analytic model exactly accounting for all the static
DFT results. Finally, we prove that dynamic effects in-
duce significant changes in KA occurrence and shape. We
show that the SWNT Raman G peak can only be inter-
preted considering the combined dynamic, curvature and
confinement effects. We assign the G+ and G− peaks of
metallic SWNTs to TO (circumferential) and LO (axial)
modes, the opposite of semiconducting SWNTs. A fam-
ily dependence of the G peak position in semiconducting
tubes is observed.
This paper is organized as follows. In Section II we
introduce the background concepts and definitions. Sec-
tion III presents our EPC calculations. Section IV and V
present respectively the study of the effect of pure con-
finement within the static and the dynamic approach.
Section VI highlights the influence of curvature on the
SWNT phonons. Finally, Section VII assigns the G+
and G− Raman peaks of SWNTs.
II. BACKGROUND
Before presenting our numerical and analytic results, it
is necessary to introduce and discuss a set of background
concepts and definitions, which will be used thorough the
paper, in order to highlight the differences between our
approach and others in literature.
A. SWNTs unit cell and graphene zone folding
SWNTs are usually identified by means of their chi-
ral indices n and m4,5. The determination of the chi-
ral indices is done by unrolling the unit cell of the tube
and comparing it to an infinite graphene sheet. The un-
rolled unit cell is a rectangular sheet of graphene that
can be described by means of the vectors Ch and T. Ch
is known as the chiral vector and has the same length as
the circumference of the tube. T is known as the trans-
lation vector and defines the translational symmetry of
the tube. The crystal lattice of graphene can be defined
by two vectors, a1 and a2, forming a π/3 angle. Ch and
T can be projected on a1 and a2
4,5:
Ch = na1 +ma2 T =
(2m+ n)a1
dR
− (2n+m)a2
dR
, (1)
where n, m are defined as the chiral indices and dR =
gcd(2n+m, 2m+ n) (gcd= greatest common divisor).
Wavevectors in nanotubes have to be commensurate to
the tube circumference. They can be represented on the
unrolled unit cell of the tube, and are in the form:
k = k⊥ + k‖ = µK1 + νK2, (2)
where K2 is parallel to T, its modulus K2 = 2π/T
correspond to the length of the tube’s Brillouin zone
(BZ), and ν can assume any real value; K1 is perpen-
dicular to T, and µK1 must be commensurate to the
SWNT circumference. Thus K1 = 2π/Ch, µ ∈ N, and
µ ∈ [Nc/2−1, Nc−1], Nc being the number of unit cells of
graphene contained in the unrolled unit cell of the tube.
The number of nodes of a wavefunction along the tube
circumference is given by i = 2µ4,5,46,47.
Fig. 1 plots the wavevectors commensurate to a (4, 4)
tube on the reciprocal space of graphene, showing that
they are located on lines oriented alongK2, spaced byK1
and including the Γ point4,5,46,47. For the generic (n,m)
tube, we refer to this ensemble of cutting lines as ZF(n,m).
The procedure of using wavevectors of graphene to de-
scribe wavevectors of a SWNT is known as Zone Fold-
ing (ZF). Using the correspondence set by ZF between
graphene and tube wavevectors, it is possible to use the
electrons and phonons of graphene to obtain the band
structure or the phonon dispersions of SWNTs4,5,46,47.
For clarity, in the rest of this paper we will distinguish
the electron and phonon wavevectors by labeling them
respectively with the symbols k and q.
B. LO-TO phonons in graphene, graphite and
nanotubes
The analysis of the SWNT Raman G band shows that
the phonons deriving from the Γ−E2g mode of graphene,
of A symmetry in SWNTs, provide the dominant contri-
bution to the G+ and G− Raman peaks48,49. Thus, in
this paper we focus on these modes and their phonon
branches.
In literature, these phonons are often labeled using dif-
ferent criteria4,5,18,50,51,52: (i) their symmetry4,5,50, (ii)
the direction of the atomic displacements with respect to
the SWNT axis, radius or circumference18, (iii) the longi-
tudinal or transversal character of the graphene phonon
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FIG. 1: (color on-line) Three equivalent representations of the
zone-folding lines for a (4, 4) tube, ZF(4,4), in the reciprocal
space of graphene. Left: plot of ZF(4,4) in the hcp BZ of
graphene; the primitive vectors b1 and b2 are plotted in blue,
the lines of ZF(4,4) are plotted in red. Center: plot of ZF(4,4)
in the hexagonal representation of the graphene BZ. On the
right: plot of ZF(4,4) emphasizing the vectors K1 and K2.
The length of K2 corresponds to the length of the (4, 4) tube
BZ.
branch from which they originate51, (iiii) the longitudinal
or transversal character relative to the SWNT52.
In this paper the following definition is used: a mode
is longitudinal if ǫ‖q and transverse if ǫ⊥q; where ǫ is
the phonon polarisation (i.e. the direction of the atomic
displacements) and q its wavevector, which also defines
the direction of the phonon propagation.
In SWNTs, phonons can propagate only along the axis.
As a result, modes with atomic displacements parallel to
the axis are longitudinal, and those with atomic displace-
ments perpendicular to the axis (i.e. along the circum-
ference) are transversal.
In achiral SWNTs, symmetry forces the displacements
of modes originating from graphene Γ−E2g to be either
parallel or perpendicular to the axis4,5. Thus, in arm-
chair and zigzag SWNTs these are exactly LO and TO.
In chiral SWNTs, phonon polarizations are expected
to be influenced by chiral angle and C-C bonds ori-
entation51. Thus, the modes originating from the
graphene Γ−E2g should have only a prevalently-LO or a
prevalently-TO character. Indeed, Ref. 51 proposed the
LO/TO classification to be meaningless in chiral SWNTs.
However, in Section VI we will show that for any SWNTs
with diameter > 0.8 nm, these modes are almost exactly
LO and TO. We thus consider the LO/TO classification
meaningful and convenient, also because it avoids differ-
ent labeling in chiral and achiral SWNTs.
C. Kohn anomalies and Peierls distortions
In a metal, for certain phonons with a wavevector
connecting two points of the Fermi surface it is possi-
ble to have an abrupt change of the electronic screen-
ing of the atomic vibrations. This results in a sud-
den softening of the phonon-frequencies, which is called
Kohn anomaly53,54. In metallic SWNTs the Fermi sur-
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FIG. 2: Geometrical condition for the KA onset in metallic
SWNTs: for q=0 a point of the Fermi surface is connected to
itself. This corresponds to a KA at Γ. q = K connects the
two distinct Fermi points K and K’, giving a second KA. ǫF
is the Fermi energy. We label the band with positive slope
L, and that with negative slope R. In electron transport,
this notation indicates bands where electrons enter the tube
respectively from the left and right electrode.
face consists of two points only. Thus, KA can occur
only for phonons with q = 0 or q connecting the two
Fermi points (Fig. 2). In graphene, a necessary condition
for KA is a significant non-zero EPC (between electrons
near the Fermi energy) for phonons at q =Γ or q = K12.
Due to their reduced dimensionality, metallic SWNTs
are expected to have stronger KA than graphite and
graphene12,13,14,15,19,20, for the corresponding phonons.
One dimensional metallic systems are predicted to be
unstable at T=0 K55. In fact, in 1D metals it is always
possible to find a lattice distortion that (i) opens a gap
in the electronic structure, and (ii) such that the energy
gained by gap opening compensates the strain induced
by the deformation. This is called Peierls distortion55.
The possible presence of PD in SWNTs was argued as
soon as their metallic behavior was predicted46,47. Their
geometry was investigated by several authors with con-
trasting results. It was proposed that they follow the
atomic displacement patterns of LA phonons21,22, of Ra-
dial Breathing Modes (RBM)23, of solitwistons24, or of
optical phonons with q = Γ or q = 2kF
13,15,17,18,19,20,
where kF is the wave-vector for which the electron gap
is null. Note that the condition q = 2kF is equivalent to
q = K in Fig. 2.
For T > 0K, due to thermal excitation, states above
the Fermi energy are populated. Thus, increasing the
temperature reduces the energy gained by gap open-
ing. PD are then stable only below a critical temper-
4ature TPD. This temperature is also known as the metal-
semiconductor transition temperature, and its determi-
nation is crucial to understand the interplay between the
possible onset of superconductivity and PD15,19,20,56,57.
For T > TPD, the energy gain achieved by gap opening
is not sufficient to compensate the elastic strain, so the
lattice will not undergo a permanent distortion. How-
ever, phonon modes having a pattern of atomic displace-
ments corresponding to the PD can show an important
softening. This effect is proportional to the energy gained
by gap opening, and inversely proportional to the tem-
perature. This mechanism, described by some authors
as a Peierls-like mechanism17,18, is, in fact, a particular
case of Kohn Anomaly53.
D. Temperature Effects
Let us call Te and Ti the electronic and the ionic tem-
perature. Ti corresponds to the energy associated to the
atoms vibrations around their equilibrium positions. Te
fixes the electronic states population close to the Fermi
energy ǫF:
fk,n =
1
e(ǫk,n−ǫF)/kBTe + 1
, (3)
where fk,n is the Fermi-Dirac occupation of the n
th elec-
tronic band at k, and kB is the Boltzmann’s constant.
In metals, a finite electronic temperature always
changes the electronic states occupation, while in mate-
rials with an electronic gap Eg, changes of the electronic
occupancies are relevant only for kBTe > Eg.
The Peierls-distortion temperature TPD depends only
on the electronic structure of the system, and not on the
lattice thermal energy. Thus, Peierls distortions are fea-
tures of the phonon dispersions which directly depend on
Te. On the other hand, phonons can have a temperature
dependence due to anharmonicity54, which is determined
by Ti.
It is thus essential to distinguish the different effects
of Te and Ti on the SWNT phonons. At thermal equi-
librium, Ti = Te = TS, where TS is the sample tempera-
ture. Thus, the correct phonon frequencies can be recov-
ered only by taking simultaneously into account the con-
tributions of Kohn anomalies and anharmonicity. The
calculation of the anharmonic effects will be discussed
elsewhere58. To a first approximation, the anharmonic
contribution is similar for phonons of similar energy. On
the contrary, a key result of this paper will be to show
that Te selectively acts only on the TO and LO phonon
branches in metallic SWNTs, see Section IV and V.
DFT, in its original formulation, is a ground state the-
ory, thus Te = 0K. DFT can be extended to include a fi-
nite real Te
59. This is done using the Mermin potential59
and populating the electronic states with the Fermi-Dirac
distribution, Eq. 3. Because of the presence of KA and
PD, the phonon frequencies of metallic SWNTs depend
on Te and DFT calculation should always be done using
the Mermin potential.
E. The dynamical matrix
We call Θq
60 the dynamical matrix projected on the
phonons normal coordinates. Within time dependent
perturbation theory, for a SWNT this is defined as (see,
e.g., Eqs. 4.17a, 4.23 in Ref. 61):
Θq =
2T
2π
∑
m,n
∫
BZ
|D(k+q)n,km|2[fk,m − fk+q,n]
ǫk,m − ǫk+q,n + ~ωq + iγ dk
−
∫
∆n∗q(r)K(r, r
′)∆nq(r
′) drdr′
+
∫
n(r)∆2V b(r) dr, (4)
where 2π/T is the length of the tube BZ,
∑
m,n is a sum
on all the possible electronic transitions,
∫
BZ dk is an
integral over the one dimensional tube BZ; ǫk,n is the
energy of the electronic Bloch eigenstate with wavevec-
tor k and band index n; γ is a small real constant; n(r)
is the charge density; K(r, r′) = δ2EHxc[n]/δn(r)δn(r
′),
where EHxc[n] is the Hartree and exchange-correlation
functional, and ∆2V b is the second derivative of the
bare (purely ionic) potential; D(k+q)n,km is the electron-
phonon coupling matrix element:
D(k+q)n,km = 〈k + q, n|∆Vq[∆nq]|k,m〉, (5)
where ∆Vq and ∆nq are the derivatives of Kohn-Sham
potential and charge density with respect to displace-
ment along the phonon normal coordinate; |k, n〉 is the
electronic Bloch eigenstate of wavevector k and band n.
The phonon frequencies ωq are derived from Θq as
61:
ωq = ℜe
{√
Θq
M
}
, (6)
where M is the atomic mass of carbon.
It is important to note that Eq. 4 introduces a depen-
dence of the dynamical matrix on the term ~ωq+iγ. This
is a direct consequence of the perturbative approach used
to derive Eq. 4, where the phonon is described as a time-
dependent perturbation of the system61. This accounts
for the dynamic nature of vibrations. In the rest of the
paper, we will refer to the inclusion of the term ~ωq + iγ
in the expression of the dynamical matrix as ”the inclu-
sion of”, or ”the description of” dynamic effects (DE).
This definition is introduced in opposition to the static
approximation, which is described in Section II-E.2.
1. Dynamic effects
Dynamic effects induce a correction in the denomi-
nators of terms proportional to the EPC in Eq. 4. In
5materials where the electronic gap is larger than the
phonon energy, the dynamic effects are negligible. In
metals, dynamic effects are negligible if the phonon en-
ergy is smaller than the electronic smearing for which the
phonon calculations converge. In general, this is true for
tri-dimensional metals44,45. Thus, in this case the con-
tribution of the dynamic effects to the dynamical matrix
is negligible. That is why dynamic effects are not in-
cluded in the most common ab-initio codes for phonon
calculations68,69. However, we will show that this is not
necessarily true for systems with reduced dimensional-
ity. For example, as explained in the previous Section,
one dimensional metallic systems undergo Peierls distor-
tions, the phonon frequencies depend on the electronic
temperature, and the phonon energy can be of the same
order, or even larger than the electronic temperature. In
this case, it is conceptually wrong to neglect the dynamic
effects a priori.
Since metallic SWNTs can undergo Peierls distortions,
the role of the dynamic effects on phonon frequency has
to be carefully considered and investigated. This will be
done in Section V.
2. The Static Approximation
The Born-Oppenheimer63, or adiabatic, or static ap-
proximation is equivalent to dropping the phonon energy
~ωq in Eq. 4
64. Implementation of the static approxi-
mation results in what we call static DFPT. To the best
of our knowledge, all existing DFPT codes implement
static equations. Static DFPT gives the same results as
other static approaches, such as frozen phonons65, where
phonons are obtained evaluating the energy associated to
a static lattice distortion. The expression of Θq within
the static approximation is obtained from Eq. 4 by set-
ting to zero the phonon energy ωq and the term iγ:
Θq =
2T
2π
∑
m,n
∫
FBZ
fk,m − fk+q,n
ǫk,m − ǫk+q,n |D(k+q)n,km|
2 dk
−
∫
∆n∗q(r)K(r, r
′)∆nq(r
′) drdr′
+
∫
n(r)∆2V b(r) dr. (7)
Unlike in the dynamic case, within the static approxi-
mation Θq is real. Thus, the phonon frequencies ωq are
simply given by:
ωq =
√
Θq
M
(8)
3. Non analytic terms
For states close to the Fermi energy, the denominator
in Eq. 7 goes to zero, resulting in the possible presence of
singularities in the phonon dispersion, as we have shown
in graphene and graphite12. Similar singularities occur
in the real part of Eq. 4 when the energy of the phonon
matches an electronic transition (see, e.g., Eq. D.17 in
Ref. 66). To investigate such singularities in SWNTs it is
convenient to split the dynamical matrix into an analytic
and a non-analytic component:
Θq = Θ
an
q + Θ˜q. (9)
The non analytic terms in the dynamical matrix of
metallic tubes can be obtained by restricting the integral
in the first term of Eqs. 4 and 7 to a set of k-points very
close to the Fermi vector, and by limiting the sum over
the electronic bands, taking into account only transitions
between the bands crossing the Fermi point. Labeling
with L the electronic band with a positive slope in Fig. 2,
and R that with negative slope, from Eqs. 4 and 7 we get:
Θ˜q =
2AΓ/KT
2π
∑
m,n=L,R
∫ k¯
−k¯
|D(K+k′+q)n,(K+k′)m|2
fK+k′,m − fK+k′+q,n
ǫK+k′,m − ǫK+k′+q,n + ~ωq + iγ dk
′, (10)
if dynamic effects are included. k¯ has a small but finite
value. In this case, divergencies occur when ǫK+k′,m −
ǫK+k′+q,n ± ~ωq = 0.
Within the static approximation we get:
Θ˜q =
2AΓ/KT
2π
∑
m,n=L,R
∫ k¯
−k¯
fK+k′,m − fK+k′+q,n
ǫK+k′,m − ǫK+k′+q,n
|D(K+k+q)n,(K+k′)m|2dk′. (11)
Here divergencies occur when ǫK+k′,m = ǫK+k′+q,n.
For both Eq. 10 and Eq. 11, divergences occur for q ∼ 0
or q ∼ K (Fig. 2). In the first case, AΓ = 2, in the
second case AK = 1. Note that the distinction between
the analytical and non-analytical part of Θq is operative,
not physical. In fact, Θ˜q contains all the divergent terms
of Θq but not only them. The cut between Θ˜q and Θ
an
q
depends on k¯.
4. Curvature and Confinement
The differences between graphene and a SWNT can be
described in terms of curvature and confinement. Cur-
vature effects are due to the distortion of the C-C bonds
in the SWNT geometry and in a change of the bond
character with respect to planar graphene. Confinement
effects stem from the reduced dimensionality and are due
to the quantization of the electronic wavefunctions along
the SWNT circumference.
In this paper we concentrate on the description of the
effects of confinement and curvature on the dynamical
matrix and on the phonon frequencies of SWNTs. Con-
sidering the effects of curvature and confinement as per-
turbations on the dynamical matrix of graphene ΘˆG, at
6first-order:
ΘˆT = ΘˆG + Θˆcurv + Θˆconf , (12)
where ΘˆT is the dynamical matrix of a SWNT and Θˆcurv
and Θˆconf account for curvature and confinement. The
effects of pure confinement will be calculated in Section
IV and V. The effects of curvature will be evaluated in
Section VI.
III. ELECTRON-PHONON COUPLING
In Ref. 10 we have shown that the EPC of SWNT of
arbitrary chirality is weakly affected by the tube curva-
ture, and that it can be computed by folding the graphene
EPC. Neglecting curvature, the EPC of a (n,m) SWNT
is related to that of graphene by the ratio of the unit
cells:
|D2||Ch ×T| = |D˜2|a
2
0
√
3
2
(13)
where D is the EPC of a (n,m) SWNT ; D˜ is the
graphene EPC; Ch × T the area of the unrolled tube
unit cell; a0 is the lattice parameter of graphene, and
a20
√
3/2 is the graphene unit cell area. This formula is a
simple consequence of electron and phonon normalization
in the two different unit cells. Its derivation is presented
in Appendix A.
Since T and Ch are perpendicular, |Ch| = πd, being d
the tube diameter, from Eq. 13, the EPC of a SWNT is:
|D2| = a
2
0
√
3
2Tπd
|D˜2|. (14)
Using Eq. 14 in Eq. 10 and 11, it is possible to obtain
the expression for the non-analytic part of the dynamical
matrix within zone folding. Eq. 10 becomes:
Θ˜q =
AΓ/Ka
2
0
√
3
2π2d
∑
m,n=L,R
|D˜(K+k′+q)n,(K+k′)m|2
∫ k¯
−k¯
fK+k′,m − fK+k′+q,n
ǫK+k′,m − ǫK+k′+q,n + ~ωq + iγ dk
′, (15)
while Eq. 11 becomes:
Θ˜q =
AΓ/Ka
2
0
√
3
2π2d
∑
m,n=L,R
|D˜(K+k′+q)n,(K+k′)m|2
∫ k¯
−k¯
fK+k′,m − fK+k′+q,n
ǫK+k′,m − ǫK+k′+q,n dk
′. (16)
Note that, since in zone-folding the electronic states
of the tube are mapped onto those of graphene, all the
wavevectors in Eqs. 15,16 are now vectorial quantities,
and not scalar as in Eqs. 10,11. The integration is per-
formed along the line of ZF(n,m) passing through K.
LO TO K
|D˜LR|
2=|D˜RL|
2 2〈D2Γ〉F 0 2〈D
2
K〉F
|D˜LL|
2=|D˜RR|
2 0 2〈D2Γ〉F 2〈D
2
K〉F
TABLE I: EPC |D˜|2 in SWNTs for phonons corresponding
to the graphene Γ-E2g ( LO or TO ) and K-A
′
1 phonons.
Electronic states are L and R bands near the Fermi energy
(see Fig. 2). 〈D2Γ〉F = 45.60 eV A˚
−2 and 〈D2K〉F = 92.05
eVA˚−2, from Refs. 10,12.
Eqs. 15,16 also show that the dependence of Θ˜q on the
translational vector T disappears. This implies that, for
metallic tubes, any dependence on tube chirality is lost as
well, and all the information on tube geometry is given
by the 1d dependence only.
As already stated, the relevant EPCs correspond to
the graphene phonons at Γ and K, calculated between
electronic states L and R near the Fermi energy (Fig 2).
In Ref. 12 it was shown that the only optical phonons of
graphene with a non-negligible EPC are the E2g phonon
at Γ and the A′1 at K. Thus, throughout the paper we
will consider only the SWNT phonons corresponding to
the graphene Γ-E2g and to the K-A
′
1. For simplicity,
we will label them Γ ( TO or LO ) and K. For these
phonons, in Ref. 12 it is shown that the EPC can be
considered independent from k and assumes the values
of Tab. I
The EPC of graphene (and, thus, of SWNTs) are de-
fined in literature in different ways: (i) the derivative of
the hopping integral with respect to the C-C distance
(η)8,41,42,43, (ii) the EPC matrix element D of Eq. 5, (iii)
D times the phonon characteristic length, (g)12. The
values of η, D, and g are related by the following expres-
sions10,12:
|D|2 = 9/2η2 and |g| = |D|
√
~
2Mωq
(17)
The relation between η and D is obtained by means of
a first neighbors tight-binding model67.
A variety of contrasting EPC values are reported in
literature. Tab II compares literature results for the
graphene EPC with those we experimentally measured
and calculated in Refs. 12,70. This shows significant
discrepancies between previous works and experimental
EPCs, which, on the contrary, are in excellent agreement
with our DFT calculations.
IV. CONFINEMENT EFFECTS WITHIN
STATIC DFPT
In this Section we present a zone folding technique for
the calculation of pure confinement effects on the phonon
frequencies of SWNTs. All the results and calculations
performed in this Section are obtained within the static
approximation
7η [eVA˚−1] |D˜LR|
2 [eV2A˚−2] |g˜LR|
2 [eV2A˚−2]
Mahan43 4.8-6.2 103-172 0.092-0.15
Park8 6 164 0.146
Jiang41 1.94 17 0.015
Perebeinos42 5.29 126 0.112
Koswatta71 6.00 162 0.144
DFT70 4.57 94 0.083
Experimental12 4.50 91 0.081
TABLE II: Comparison between calculated and experimental
EPCs for the Γ LO phonon, in its equivalent η, |D|2 and |g|2
expressions. All data in literature were calculated with tight
binding. The relation between η and D is obtained by means
of a first neighbors tight-binding model.
A. Electron and Phonon Zone Folding
A simple and effective method exists to calculate the
SWNTs electronic structure taking into account confine-
ment only. Indeed, in Section II-A, it was shown that it
is possible to fold the wavevectors of graphene into those
of a (n,m) SWNT. This technique can be used to obtain
the electronic band structure of SWNTs from that of
graphene4,5,46,47. We refer to this technique as Electron
Zone Folding (EZF). Using EZF it is possible to obtain
the complete electronic structure of any SWNT doing the
calculation just on the 2 atoms unit cell of graphene. EZF
relies on the exact correspondence between the unrolled
SWNT unit cell and graphene, therefore all the effects
of curvature are completely neglected. Despite the sim-
plicity of this technique, for SWNTs with d > 0.8 nm,
the electronic structure calculated using EZF does not
significantly differ from that calculated by DFT on the
SWNT unit cell40.
The same procedure used to fold electrons can be used
to fold phonons4,5,18,38. We refer to this as Phonon
Zone Folding (PZF). As already mentioned, KA affect
graphene and metallic SWNTs differently, and do not af-
fect semiconducting SWNTs at all. Thus, PZF is not
suitable for the description of the phonon dispersion of
SWNTs close to the anomalies.
B. Phonon calculation within EZF
Even if PZF cannot be used for the description of
the Kohn anomalies, this result can still be achieved
by means of a folding approach. Eq. 7 shows that the
dynamical matrix of a SWNT depends on its electronic
structure through: (i) the electronic charge density and
(ii) an integral of the electronic states energies over the
BZ. Numerically, both these quantities are obtained by
performing discrete sums on a set of k-points over the
tube BZ. These sums can be replaced by sums on points
of ZF(n,m) in the two-dimensional graphene BZ. The
evaluation of Θq within EZF completely neglects the ef-
fects of curvature. Thus, using Eq. 12, we find that
SWNT dynamical matrices computed within EZF are in
the form:
ΘˆflatT = ΘˆG + Θˆconf (18)
In this Section, we use DFPT to calculate the SWNT
dynamical matrices within EZF. We refer to these calcu-
lations as EZF-DFT.
A further increase in the speed of calculations can
be obtained from an appropriate choice of the BZ sam-
pling. The graphene Fermi surface consists of the two
inequivalent points K and K’. If the ZF(n,m) lines cross
these points, the tube is metallic, otherwise it is semi-
conducting. The π and π∗ bands of graphene near the
Fermi points have a conic shape, so the electronic bands
of metallic SWNTs close to K and K’ are linear, and
ǫk′ = ±βk′. This implies that for metallic tubes the inte-
gral in Eq. 7 contains terms that diverge like 1/k. These
singularities are responsible for the KA onset, and have
to be properly described. The most efficient way to nu-
merically integrate 1/k divergences in one dimension is to
use a logarithmic sampling72. Thus, to optimize the effi-
ciency of our calculations, we sample the EZF lines with
evenly-spaced grids of k-points in regions away from the
Fermi surface, and with denser logarithmic grids when
crossing K or K′. Details on the k-point sampling used
for EZF-DFT calculations are reported in Tab.III.
1. Comparison to other computational techniques
It is important to discuss how our EZF-DFT re-
sults compare to other computational approaches in lit-
erature. These can be divided in the following cat-
egories: PZF,38 tight binding,15,28,29,30,73 symmetry
adapted methods,31,35,36,74 and DFT17,18,19,20,27,32,51.
The advantages of EZF-DFT over PZF have already
been discussed in the previous Sections. The advantage
of EZF-DFT over conventional DFT is the possibility of
using extremely dense k-point grids and to converge cal-
culations for a smaller Te. This is evident from a survey
of previous DFT calculations. We start examining the
DFT approach used in Refs. 17,18,27,51. These calcu-
lations were performed on the real tube unit cell. Thus
the use of dense k-point grids to converge the phonon
frequency at realistic Te was computationally extremely
expensive. Calculations of Refs. 27,51 correspond to BZ
sampling of at most 3 non equivalent k-points in the unit
cell. The comparison between the number of k-points
used in Refs. 27,51, and those used in this and other
works, seriously challenges the convergence of the calcu-
lations in Refs. 27,51.
Refs. 17,18 used much denser k-point sampling (up to
57) and smeared electrons with an Hermite-Gauss func-
tion at a fictitious75 electronic temperature Tf = 1160K.
In principle, these calculations should reproduce the
Te = 0 results, showing PD in metallic tubes. However,
these authors observed no PD, but just a softening of the
phonon frequencies. This happens because their chosen
8tube Ref. Te nk M/S ln
(n, n) This work 4 302 M y
(n, n) q 77 91 M y
(n, n) q 315 71 M y
(n, n) q 3150 51 M y
(n, 0) q 4 108 M y
(n, 0) q 77 38 M y
(n, 0) q 315 28 M y
(n, 0) q 3150 18 M y
(n, 0) q - 30 S n
(n,m) q - > 2pi
0.12T
S n
(5, 2) q 315 26 M y
(12, 3) q 315 48 M y
(16, 1) q 315 23 M y
(20, 14) q 315 19 M y
(15, 6) q 315 18 M y
(14, 8) q 315 47 M y
(n, n) Ref. 18 ∗1160 57 M n
(n, 0) Ref. 18 ∗1160 33 M n
(n, 0) Ref. 18 ∗1160 13 S n
(n, n) Ref. 27 - 3 M n
(10, 0) Ref. 27 - 2 S n
(8, 4) Ref. 27,51 - 1 S n
(9, 3) Ref. 51 - 1 S n
(3, 3) Ref. 19 ∗1096 129 M n
(3, 3) Ref. 19 ∗137 - M n
(n, n) Ref. 20 300 - M y
(5, 0) Ref. 20 300 - M y
TABLE III: k-points sampling used in our EZF-DFT calcu-
lations and data from other authors. The number of k-points
nk refers to the number of non equivalent points the tube BZ.
These nk points fold into nkNc points in the graphene BZ,
Nc being the number of unit cells of graphene present in the
tube unit cell. The column Te is the electronic temperature
used in the calculations (in Kelvin). Values marked with ∗
correspond to calculations where electrons are smeared using
a Hermite-Gauss instead of the Fermi-Dirac function. The
M/S column specifies the metallic or semiconducting nature
of the tubes. The ln column specifies if a logarithmic grid is
used.
value of Tf is too large to reach the limit of Te → 0,
and describes the system at a finite, but undefined, value
of Te. Calculations at lower Te were prevented by the
huge CPU time requirements. DFT calculations at lower
values of Te have been reported only for extremely small
SWNTs in Refs. 19,20. Here, they calculated the phonon
dispersion of SWNTs with d ∼ 4A˚ at Te as low as 137K,
showing the presence of KA and PD. The comparison be-
tween the k-points sampling and the electronic tempera-
ture in literature and those used in this paper is reported
in Tab. III.
As we will show in the next Sections, the calculations
of the phonon dispersion of large SWNTs at Te as low as
4K can be be easily done by means of EZF-DFT. This is
achieved at the price of neglecting the effects of curvature,
which prevents EZF-DFT to be used for the study of the
radial breathing modes, and results in inaccuracies in the
determination of the phonon frequencies of those tubes
for which curvature effects are not negligible. This point
will be discussed in more depth in Section VI.
EZF-DFT has also to be compared with tight bind-
ing and symmetry adapted calculations. Non-ab-initio
techniques, such as tight binding, offer another way to
overcome the extremely large CPU time required by
DFT. Most TB models are unable to describe KA and
PD28,29,30. A detailed study of EPC and Te effects on
SWNT phonon within TB was reported by Barnett et
al.15,73. This study investigated KA and PD in SWNTs,
but the results are in contrast with those obtained by
DFT20. Another possibility for the efficient calculations
of phonons in SWNTs is the development of symme-
try based force constants methods36 and lattice dynamic
models based on the screw symmetry of SWNTs31,35,74.
So far, only TB implementations of symmetry adapted
techniques were applied to the calculation of the vibra-
tional properties of SWNTs, which thus may lack the
precision of DFT. The implementation of screw symme-
tries into a DFT scheme would be highly desirable, but
would require writing a new dedicated code. On the con-
trary, another advantage of EZF-DFT is that it can be
performed with the already existing packages. Finally, it
is very important to stress that all the techniques pre-
sented in this Section rely on the static approximation,
and thus neglect dynamic effects.
C. Numerical Results
In this Section, we use EZF-DFT to perform a system-
atic study of the phonon dispersion of SWNTs, paying
particular attention to the description of KA and PD.
Calculations are performed within the static approxima-
tion.
1. Phonon Dispersions
Here we use EZF-DFT to calculate phonons of SWNTs
of different diameters and chiralities, focusing on diame-
ter and Te dependence of the KA induced phonon soft-
ening.
We start with the comparison of phonon zone folding
(PZF) and EZF-DFT for metallic tubes. Fig. 3 compares
the phonons of a metallic (11,11) tube calculated using
PZF with those obtained by EZF-DFT. To improve read-
ability, we only plot phonon branches corresponding to
the lines of ZF(11,11) crossingΓ andK. All PZF and EZF-
DFT calculations are performed using DFPT44. The pa-
rameters for PZF calculations are the same as those used
for the calculation of graphite in Ref. 12.
PZF calculations use the phonons of graphene, thus:
(i) at Γ no LO-TO splitting is observed, and (ii) the
kinks and the phonon softening caused by KA at Γ and
K are the same as those calculated in Ref. 12. Since the
phonon frequencies of graphene converge at an electronic
temperature Te ∼ 3000K, no temperature dependence
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FIG. 3: (color on-line) Phonons of the (11,11) metallic SWNT
calculated using (a) Phonon Zone Folding (PZF), (b) Elec-
tronic Zone Folding (EZF-DFT) at Te = 4K, (c) 315K, and
(d) 3150K. Branches affected by (Red) KA at Γ, (Blue) KA
at K.
of the phonon frequencies calculated by PZF can be ob-
served for 0K< Te <3000K. EZF-DFT calculations show
a number of fundamental differences with respect to PZF.
Fig. 3 (b,c,d) show that the phonon softening induced
by KA at Γ and K strongly depends on Te, with the
phonon frequencies decreasing for decreasing Te. Most
importantly, we observe that at Γ only the LO mode is
affected by KA. This causes the splitting of the LO-TO
modes. As already stressed, this splitting cannot be ob-
served using PZF. Due to the temperature dependence of
the LO mode, the LO-TO splitting increases for decreas-
ing Te. For Te = 3150K, the KA effects are completely
removed, and the LO-TO splitting is zero. Finally, in Fig.
4, we compare the whole phonon dispersion of the (11,11)
tube computed using (a) PZF, (b) EZF-DFT at Te = 4K
and (c) Te = 315K. Fig. 4 shows that PZF and EZF-
DFT differ only for the phonon branches affected by KA,
and are indistinguishable for all other phonon branches.
Thus, in the phonon dispersion of metallic SWNTs only
the modes affected by KA depend on Te, and PZF can be
safely used for the calculation of all other phonon modes.
It is also interesting to compare PZF and EZF-DFT for
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FIG. 4: (color on-line) Comparison of the complete phonon
dispersion of a (11,11) tube calculated using (a) PZF, (b)
EZF-DFT at Te = 315K, (c) EZF-DFT at Te = 4K. The
three calculations differ only for the branches affected by KA.
semiconducting tubes. Fig. 5 compares PZF and EZF-
DFT for a semiconducting (19,0) tube. This has the same
diameter (1.5 nm) as the metallic (11,11) in Fig. 3. As
for Fig.3, in Fig.5 we only plot selected phonon branches,
in particular those corresponding to the line of ZF(19,0)
crossing Γ and those corresponding to the two lines that
lay most closely to K. KA cannot be present in semi-
conductors, thus no KA should be observed in the (19,0)
tube. Since ZF(19,0) does not include K, and the empty
and occupied electronic states are separated by a gap
Eg ∼ 0.5 eV, no temperature effects can be observed for
Te < Eg/kB ∼ 6000K.
Fig. 5 shows that the discrepancies between PZF and
EZF-DFT are extremely reduced with respect to those
of the metallic (11, 11) tube, the only noticeable differ-
ence being the absence of LO-TO splitting in the PZF
calculations.
D. LO-TO splitting
Within EZF-DFT, the doubly degenerate Γ − E2g
phonon of graphene splits for both metallic and semi-
conducting tubes. This splitting is a direct consequence
of confinement in SWNTs.
Defining ω
S(M)
LO(TO) as the phonon frequency of the
LO (TO) mode at q=0 for a semiconducting (metal-
lic) SWNT, we also observe that ωMTO > ω
M
LO, while
ωSLO > ω
S
TO. This is explained as follows. From Tab. I,
the EPCs between L and R bands at Γ have a finite
value for LO modes, and are null for TO modes. Since
the EPC associated with TO phonons is null, from Eq. 11
we obtain that ωgraphTO = ω
S
TO = ω
M
TO, where ω
graph
TO is the
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FIG. 5: (color on-line) Phonons of the (19,0) tube calculated
using (a) PZF on a q-points grid sampling ZF(19,0), (b) EZF-
DFT. Branches that in graphene and metallic tubes would
be affected by the KA anomaly at Γ are in red, while those
closest to the KA at K in graphene are in blue.
phonon frequency of the TO mode at Γ for graphene. On
the other hand, LO modes have a finite EPC. Here it is
important to remind that what determines the physical
properties related to EPC is not the EPC per se, but the
product of the EPC times the electronic density of states
(DOS) (see also Appendix A). Close to the Fermi energy,
for semiconducting SWNTs, the DOS is null, while for
metallic SWNTs it is a constant, and for graphene is zero
at Fermi energy (ǫF) and increases linearly for ǫ > ǫF and
ǫ < ǫF. It follows that DOS
S
ǫF < DOS
graph
ǫF < DOS
M
ǫF ,
where the superscripts S, M , and graph refer respec-
tively to semiconducting SWNTs, metallic SWNTs, and
graphene, and the subscript ǫF indicates that the DOS
is evaluated for energies ǫ close to the Fermi energy ǫF.
From Eq. 11, and using the same notation as the TO
modes, we then obtain ωMLO < ω
graph
LO < ω
S
LO. Since
in graphene we have ωgraphLO = ω
graph
TO , it follows that
ωSLO > ω
S
TO and ω
M
LO < ω
S
TO.
With EZF-DFT, we also find that the atomic displace-
ments of the modes deriving from the graphene Γ−E2g
are parallel or perpendicular to q‖ within an angle less
than 3.25o. The effect of confinement is then, for any chi-
rality, to split the Γ−E2g mode of graphene into almost
exactly LO and TO modes.
1. Diameter, electronic temperature, chirality and family
dependence of phonon softening
We now consider the dependence of the phonon disper-
sions on SWNT chirality, diameter and electronic tem-
perature.
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FIG. 6: (color on-line) Phonons of the (11,11), (18,0), and
(15,6) tubes calculated using EZF-DFT. All tubes have d ∼
1.5 nm. Calculations are done at Te = 315K. Phonon
branches affected by KA at Γ are in red, those with KA at K
are in blue.
Fig. 6 plots the phonon dispersions at Te=315 K for
the (11,11) armchair tube, the (18,0) zig-zag tube, and
the (15,6) chiral tube. All these tubes are metallic, and
have a similar diameter of 1.5 nm. Note that in SWNTs,
defining dR = gcd(2n+m, 2m+n), kF = 0 if (n−m)/3dR
is not an integer (e.g. the (18,0) tube), and kF = 1/3,
in 2π/T units, if (n−m)/3dR is an integer, (e.g. (11,11)
and (15,6) tubes)5. This explains the different KA po-
sitions in Fig. 6. We observe that, even if the shapes of
the phonon dispersions are different, the frequency of the
phonons corresponding to the graphene Γ−E2g−LO and
K−A′1 are the same in all cases, and are significantly
softened with respect to graphene. Thus, the phonon
softening due to KA does not depend on chirality.
On the other hand, Figs. 7,4 clearly show that KA-
induced phonon-softening strongly depends on diameter
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FIG. 7: (color on-line) Phonons of the (6,6), (11,11), and
(18,18) SWNTs calculated using EZF-DFT. Tube diameters
are 0.8 nm, 1.5 nm, and 2.4 nm respectively. Te is 315K.
Phonon branches affected by KA at Γ are in red, while those
with KA at K are in blue.
and Te. Fig. 7 compares the phonons for three differ-
ent armchair tubes at the same Te. It indicates that the
smaller the diameter, the stronger the softening. Fig. 4
compares phonons for the same (11,11) tube at three dif-
ferent Te. It shows that phonon softening increases for
decreasing Te. Note that, as for Figs. 3,5, Figs. 6,7 also
plot only branches corresponding to ZF(n,m) crossing Γ
and K.
Finally, due to the phonon softening induced by the
KA, we observe that in metallic tubes of any chirality
the LO branch always crosses the TO, in contrast with
Ref. 76, where an anti-crossing of the branches is pre-
dicted for chiral tubes.
Fig. 8 plots the LO/TO phonon frequencies for a
variety of chiral and achiral tubes, both metallic and
semiconducting, in the diameter range 0.8-2.7 nm at
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FIG. 8: (color on-line) (a) Frequency of the LO and TO
modes calculated by EZF-DFT at Te = 315K. The LO
phonons are in red; the TO phonons in black. Different sym-
bols identify metallic and semiconducting (S1 and S2) tubes.
Dashed lines represent the fit of the EZF-DFT data, and cor-
respond to the plot of Eq. 28. (b) LO and TO phonons of
semiconducting tubes only. For S2 tubes TO phonon is ∼ 2
cm−1 higher than in S1 tubes. No family dependence is ob-
served for the LO phonon
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FIG. 9: (color on-line) Calculated LO and TO modes
obtained by EZF-DFT for the semiconducting tubes
(19, 0), (18, 2), (17, 3), (17, 4), (16, 5), (15, 7), (13, 9), and
(12, 10), listed by increasing chiral angle. All tubes
have diameter d ∼ 1.5 nm. Filled symbols refer to S1
tubes (mod(n − m, 3) = 1); open symbols to S2 tubes
(mod(n−m, 3) = 2). In S2 tubes the TO mode frequency is
∼ 2cm−1 higher than in S1.
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FIG. 10: Diameter dependence of LO mode in armchair and
metallic zigzag SWNTs calculated by EZF-DFT for Te =4K,
79K, 315K,3150K.
Te=315K. As expected, we observe no difference in the
phonon frequencies for TO modes of metallic and semi-
conducting tubes. Furthermore, confinement does not
induce any diameter dependence of the frequencies of the
TO modes.
Due to the KA presence, LO frequencies are very dif-
ferent in metallic and semiconducting tubes. In metallic
tubes there is a strong diameter dependence, with higher
softening for decreasing diameter. This softening is en-
tirely due to confinement. Chirality does not affect the
LO phonons. This is shown in Fig. 9, which plots LO
and TO modes for all semiconducting tubes with d ≃ 1.5
nm as a function of chirality.
However, even if there is no dependence on the chi-
ral angle for the LO modes, a family dependence is ob-
served for the TO mode in semiconducting tubes. In-
deed, Fig. 8 (a,b) and Fig. 9 show that TO phonons are
more scattered than LO. By labeling S1 SWNTs with
mod(n−m, 3) = 1, and S2 SWNTs with mod(n−m, 3) =
2, it is possible to observe that the TO frequency in S1
tubes is always ∼ 2 cm−1 smaller than in S2 tubes. The
TO frequency for metallic tubes is in between that of S1
and S2 tubes.
Fig. 10 plots the LO phonon of metallic tubes as a
function of Te. Since no chirality dependence is observed
for Te=315 K, only armchair and zigzag tubes are con-
sidered. The LO softening increases for decreasing Te,
and the trend is stronger for smaller diameters.
We stress again, as in Section II-D, that the temper-
ature effects calculated here with EZF-DFT are related
only to the electronic temperature. Therefore, for a di-
rect comparison with experiments, the data in Fig. 10
need to be corrected with the anharmonic effects.
E. Analytic results
So far we relied on numerical DFPT calculations. We
now show that the key results of the previous Section
can be derived and explained by using an analytic model.
From Eqs. 8,9, we have:
ω2q =
Θanq
M
+
Θ˜q
M
(19)
KAs are due to the presence of non-analytic terms in
the dynamical matrix and their shape is determined by
Θ˜q, whose expression, within a static approach, is given
by Eq. 16. Θ˜q can be determined analytically for any q
at Te = 0K, or at q = Γ,K for any Te. This provides
simple formulas for the determination of the metallic-
semiconducting transition associated with the PD and
for the KA description in SWNTs.
1. Kohn Anomalies at T=0K and Peierls Distortions
To determine the KA shape at zero temperature we
put Te = 0 in Eq. 16. This gives fk = 1 and fk = 0 for
states respectively below and above the Fermi energy.
Eq. 16 can then be integrated analytically to give:
Θ˜LO/K =
AΓ/K
√
3a202〈D2Γ/K〉F
π2dβ
ln |q|+ C′LO/K,
Θ˜TO = −AΓ
√
3a202〈D2Γ〉F
π2dβ
, (20)
where 〈D2
Γ/K〉F are defined in Tab. I and we assume the
L and R bands to be linear with slope β = 5.25 eV A˚.
More details on the integration are given in Appendix B.
From Eq. 20, we observe that Θ˜TO does not depend on q.
This explains the absence of KA for the TO mode. On
the other hand, Θ˜LO/K has a logarithmic dependence on
q, which explains the presence of KA in the LO branch.
Using Eq. 19, we get:
ω2LO/K =
αΓ/K
d
ln |q|+ CLO/K,
αΓ/K =
2
√
3AΓ/Ka
2
0〈D2Γ/K〉F
π2βM
, (21)
where q is measured from Γ for the KA at Γ and from
K for the KA at K; αΓ = 7.89 × 105 cm−2A˚−1; αK =
7.96 × 105 cm−2A˚−1; CLO/K account for all the non-
divergent terms of the dynamical matrix.
According to Eq. 21, KA in SWNTs have a logarith-
mic shape. For the LO and K modes at Te = 0K, ω
2
q
is negative, which gives imaginary phonon frequencies.
This means that the lattice undergoes a permanent dis-
tortion, i.e. a Peierls distortion.
Fig. 11 plots Eq. 21 for the KA at Te = 0K and com-
pares it with EZF-DFT calculations in the limit Te → 0K.
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FIG. 11: KA at Γ and K for a (11,11) tube. Triangles cor-
respond to EZF-DFT at Te=4K. The solid line is the plot of
Eq. 21.
Using Eq. 21, and fitting CLO/K to the EZF-DFT data,
we get:
ω2LO = 5.3× 104 ln q + 2.70× 106cm−2,
ω2K = 5.3× 104 ln q + 1.94× 106cm−2 (22)
From Fig. 11, Eq. 21 perfectly reproduces the phonon
dispersions obtained by EZF-DFT.
2. Electronic Temperature dependence of Kohn anomalies
and Peierls distortion temperature
We now fix q = Γ or q = K and study the dependence
of the phonon frequencies on Te, which changes the oc-
cupation functions fq,n. For q = Γ,K, assuming linear
L and R bands with slope β = ±5.52 eVA˚, remembering
that K+K = K′, and setting ǫF = 0, we have:
ǫ(K+k′),L = ǫ(K+k′+Γ),L = ǫ(K+k′+K),L = k
′β (23)
ǫ(K+k′),R = ǫ(K+k′+Γ),R = ǫ(K+k′+K),R = −k′β (24)
The occupation factors fq,n depend on q and n only
through ǫn(q) − ǫF. Defining x = βk′/TkB, and θ(x) =
q T0 (K) CC (eV
2) CC (cm−2)
Γ 9612 0.039 2.54× 106
K 2646 0.027 1.76× 106
TABLE IV: values of T0 and CCΓ,K obtained fitting the EZF-
DFT data for tubes calculated at Te = 4K, Te = 77K Te =
315K Te = 3150K and for d in the range 0.8-2.4 nm with
Eq. 26.
1/(1 + ex), Eq. 16 becomes:
Θ˜Γ/K =
AΓ/K2
√
3a20〈D2Γ/K〉F
π2dβ
∫ βk¯
TkB
0
θ(x) − θ(−x)
x
dx,
(25)
where the bands’ symmetry allows to replace
∫ βk¯
TkB
− βk¯
TkB
with
2
∫ βk¯
TkB
0 . This gives:
ω2LO,K(T ) =
αΓ,K
d
ln
T
T0
+ CCΓ,K, (26)
where αq is the same as in Eq.21, T0 is the electronic
temperature for which the contributions of Θ˜q are null,
CCΓ,K is the value of ω
2
Γ/K at Te = T0, and contains
all the contributions from Θanq . Details on how Eq. 26
is derived from Eq. 16 are given in Appendix C. Eq. 26
can be used to fit simultaneously all the phonon frequen-
cies calculated by EZF-DFT as a function of Te. The fit
parameters are listed in Tab. IV.
The electronic temperature, TPD, for which a SWNT
undergoes a Peierls distortion, can be obtained by setting
ωq=0 in Eq. 26, which leads to:
TPD = T0e
−
d·CCΓ,K
αΓ,K . (27)
As an example, Eq. 27 applied to the (6, 6) tube (d =
0.8nm) gives TPD = 6.08 × 10−8K for the phonon at Γ,
and TPD = 0.5× 10−5K for the phonon at K. TPD expo-
nentially decreases with the tube diameter. This implies
that, unlike the ultra-small tubes studied in Refs. 19,20,
for the SWNTs generally used in experiments, TPD is
always smaller than 10−8 K.
Eq. 26 defines the diameter dependence of the LO
phonon frequency of metallic tubes (ωMLO) at any Te, and
can be used to fit the EZF-DFT data of Fig. 8. We
observe that all the EZF-DFT data in Fig. 8 can be rep-
resented by very simple functions of the tube diameter.
Indeed, neglecting the very small difference observed for
the S1 and the S2 tubes, the frequency of the TO mode of
both metallic and semiconducting tubes (ωTO) is diam-
eter independent, while the calculated frequencies of the
LO mode for semiconducting tubes (ωSLO) are inversely
proportional to the tube diameter. This can be summa-
rized by the following equations:
ωMLO = ηM +
νM
d
; ωSLO = ηS +
νS
d
; ωTO = ξ, (28)
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where νM = −77.33 cm−1 nm, ηM = 1597 cm−1, νS =
13.78 cm−1 nm, and ηS = ξ = 1579 cm
−1, which per-
fectly reproduces the phonon frequency we calculate for
the Γ − E2g mode of graphene. The functional form of
ωMLO has been obtained from Eq. 26 using the relation√
1 + x ∼ 1 + x/2. The expression for ωMLO is thus com-
pletely analytical, but is valid only for Te = 315K. On
the other hand, the expressions for ωTO and ω
S
LO are em-
pirical, but are valid for any Te. Eqs 28 are plotted in
Fig. 8.
V. CONFINEMENT EFFECTS WITHIN
DYNAMIC DFPT
In Section II-E, we argued the possible presence of dy-
namic effects for one-dimensional metallic systems. To
the best of our knowledge, the dynamic nature of phonons
has always been neglected in the SWNT literature, until
we recently pointed this out62. In this Section, we show
that dynamic effects are present in metallic SWNTs, and
that they induce significant changes to the KA occur-
rence and shape. Therefore, they must be included to
explain the experimental data. In fact, SWNTs are one
of the first real materials for which is a significant differ-
ence between static and dynamic DFPT is detected.
If the static approximation is relaxed, the dynamical
matrix is described by Eq. 4, and its non analytic part
by Eq. 10. Assuming T = 0, Eq. 10 can be solved by
using a procedure similar to that used to obtain Eq. 20.
For the LO phonon, assuming k¯ ≫ |q ± ~ωqβ |, we get:
Θ˜LO =
AΓ
√
3a20〈D2Γ〉F
π2βd
ln
|βq + ~ωLO||βq − ~ωLO|
|2βk¯|2 ,
(29)
while for the TO:
Θ˜TO = − AΓβq
2
√
3a202〈D2Γ〉F
π2d[β2q2 − (~ωTO)2] , (30)
where ωLO/TO is the phonon frequency of a phonon of
wave vector q ∼ Γ belonging to the same branch of the
LO/TO phonon at q = 0. These equations mark a major
departure from the previous results. Θ˜q in the dynamic
approach is very different from the static case. Note that
the static case (Eq. 20) is immediately recovered setting
~ωLO/TO = 0 in Eqs. 29,30.
The dynamic effects are qualitatively very different for
LO and TO phonons. Eq. 29 diverges for q = ~ωq/β,
and not for q = 0 as in the static case. This gives the
first major result that the KA for the LO mode is not at
Γ, contrary to what is predicted by any static approach,
but at q = ±~ωLO/β.
The dynamic effects are even bigger for the TO
phonons. Eq. 30 shows that Θ˜TO is zero for q = 0,
but diverges to +∞ for q → (~ωTO/β)− and to −∞ for
q → (~ωTO/β)+. This is quite different from the static
case, where Θ˜TO is a negative constant. This results in
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FIG. 12: (color on-line) KA for the LO and TO branches of an
(11,11) tube close to Γ. Phonon frequencies are calculated by
means of static EZF-DFT (open dots), or from the numerical
integration of the dynamical matrix in its static (dashed line)
and dynamic (solid line) expression. Te = 315K.
a significant TO upshift with respect to the static case.
This can be described by a simple equation, the deriva-
tion of which is given in Appendix D:
ωdynTO − ωstatTO ∼
25
d
, (31)
where the frequency difference is in cm−1 and d in nm.
To summarize, the static approach: (i) fails to describe
the position of the KA for the LO mode, (ii) underes-
timates the TO phonon frequency, (iii) misses the TO
Kohn anomaly at q = ~ωTO/β.
The phonon dispersion of metallic SWNTs close to the
KAs is obtained by adding the contributions from the
analytic and the non-analytic part of the dynamical ma-
trix. The contribution of the non-analytic part is given
by the numerical integration of Eq. 10. Due to the pres-
ence of the phonon energy in the expression of Θ˜q, Eq. 10
has to be solved self-consistently. The contribution from
Θanq is easily obtained from EZF-DFT. The definitions of
Θ˜q and Θ
an
q depend on the value chosen for k¯. In our
calculations, we chose k¯ such that k¯β = 1.0 eV.
Fig. 12 compares the phonon frequencies of the LO and
TO branches of an (11,11) tube calculated using EZF-
DFT with those obtained from the numerical integration
of Eqs. 16,10. Fig. 12 shows major differences between
the dynamic and the static approach in the region of the
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FIG. 13: (Color on-line) KA of the LO and TO branches for
tubes of different diameters calculated at Te = 315K including
dynamical effects.
phonon dispersions affected by KA. As expected, in the
dynamic case, the KA in the LO branch is shifted from
q = 0 to a finite wave-vector. This causes a significant
change close to Γ. However, Fig. 12 also indicates that
these changes are confined to a very small BZ region. In-
deed, for q > 0.02 in 2π/a0 units, the static and dynamic
results are indistinguishable.
It is important to observe that Eq. 27, which was de-
rived within the static approximation, is also valid in the
dynamic case. Indeed, for Te → 0, metallic SWNTs un-
dergo a PD, meaning that the frequency of the phonon
affected by the KA goes to zero. For ~ωLO/TO = 0 the
dynamic equations reduces to the static case, so TPD is
the same.
Figs. 13,14 plot respectively the KA shape in the LO
and TO branches as a function of diameter and Te. The
general trends observed within the static approximation
are preserved also after the introduction of the dynamic
effects. In particular, the LO phonon softening still in-
creases for decreasing diameter and Te. In addition, the
phonon softening/hardening of the TO branch increases
for decreasing diameters, but has no dependence on Te.
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FIG. 14: (color on-line) KA of LO and TO branches of tubes
with d = 1.5 nm calculated for Te ranging from 30→ 1000K,
including dynamic effects.
A. Dynamic effects in graphene and graphite
In this Section we have shown that dynamic effects
induce huge modifications in the phonon dispersion of
metallic nanotubes close to the Kohn anomaly. The
demonstration of the importance of dynamic effects in
one-dimensional systems opens the discussion on whether
similar effects can be relevant in materials of higher di-
mensionality, graphite and graphene in particular. In-
deed, it is possible to prove that dynamic effects can be
crucial also for the correct description of the vibrational
properties of bi-dimensional metallic systems. We have
recently demonstrated, both theoretically and experi-
mentally, that for electrically doped graphene the Born-
Oppenheimer approximation spectacularly fails78,79. In
particular the evolution of the G peak position as a func-
tion of gate-bias can be explained only by taking into
account non-adiabatic effects, as will be reported in de-
tails elsewhere78,79.
VI. CURVATURE EFFECTS
Curvature effects encompass all the differences between
graphene and SWNTs due to the geometrical distortion
of the C-C bonds in the tubes (Eq. 12). In common with
quantum confinement, curvature also splits the double
16
degenerate Γ−E2g phonon of graphene into two distinct
phonons in SWNTs. This split occurs because the differ-
ent strengths of the chemical bonds along the tube axis
and the tube circumference result in different phonon
frequencies for modes polarized along these two direc-
tions4,5. The folding of graphene to give the SWNT
cylindrical shape results in: (i) change in atoms sepa-
ration (ii) loss of C-C bond planarity, (iii) mixing of σ
and π states, giving a sp2/sp3 character to the chemical
bonds.
When the purely sp2 bonds of graphene are deformed,
they assume a hybrid sp2/sp3 character. Since sp2 bonds
are stiffer than sp3 bonds, mixing the orbitals results
in bond softening. This mixing is proportional to cur-
vature, so it is minimum for C-C bonds parallel to the
axis, and maximum for bonds oriented along the circum-
ference4,5. Since longitudinal modes deform C-C bonds
parallel to the axis, while transverse modes deform C-C
bonds along the circumference, one expects curvature to
soften the modes polarized along the tube circumference
more than those polarized along the axis. This softening
should increase with the sp2/sp3 mixing, and, thus with
the SWNT curvature.
In this Section, we investigate the effects of pure cur-
vature on the LO-TO splitting. In Eq. 12 the dynamical
matrix of a SWNT (ΘˆT) is written as the sum of the
dynamical matrix of graphene (ΘˆG) and two additional
terms describing the effects of curvature (Θˆcurv) and con-
finement (Θˆconf). EZF-DFT describes the contributions
deriving from graphene and from the confinement effects
(ΘˆflatT = ΘˆG + Θˆconf), thus:
Θˆcurv = ΘˆT − ΘˆG − Θˆconf = ΘˆT − ΘˆflatT . (32)
According to Eq. 32, the effects of pure curvature on a
given SWNT can be obtained as the difference between
calculations performed on the actual SWNT and the re-
sults obtained by means of EZF-DFT.
The frequency dependence on the diameter for the
modes derived from the graphene Γ − E2g was calcu-
lated by several authors17,18,27. As already pointed out
in Section IV, previous calculations of the LO phonons
in metallic SWNTs are either not converged with respect
to the k-point sampling27 or use a fictitious electronic
temperature17,18,75 instead of the real one, and thus do
not properly describe the KA effects. However, for semi-
conducting SWNTs, KA are not present. Thus, the DFT
results of Refs. 17,18 for LO and TO modes in semicon-
ducting SWNTs are reliable, and can be used to estimate
the curvature effects for LO and TO modes.
To verify the equivalence of the calculations of Refs.
17,18 with the present, the phonon dispersions of
graphene of Ref. 18 are compared with those of Ref. 12
(which is obtained with the same method and code as
the present calculations). Away from the KA, the only
noticeable difference is a 16 cm−1 rigid upshift of the
highest optical branches. Thus, the two calculations are
equivalent (after a downshift of 16 cm−1 ) and is possible
to extract the effects of pure curvature by comparing the
results of Refs. 17,18 with the present EZF-DFT calcu-
lations.
Assuming the curvature effects as a perturbation, we
define
∆ω = ωT − ωflat, (33)
where ωT is the phonon frequency calculated on an ac-
tual tube and ωflat is the EZF-DFT result. In Fig.15 we
plot ∆ω as the difference between the phonon frequencies
ωT of Ref.18 and the ωflat from EZF-DFT as represented
by Eq. 28. We consider only those modes which do
not present any dependence on Te. In particular, for the
LO mode, we consider only semiconducting tubes, while
for the TO mode, we consider both metallic and semi-
conducting tubes. For these modes, it is not necessary to
distinguish between static and dynamic EZF-DFT. From
a fit to the points of Fig. 15:
∆ωTO(d) = −ζTO
d2
∆ωLO(d) = −ζLO
d2
, (34)
where ζTO = 25.16 cm
−1 nm2, ζLO = 12.0 cm
−1 nm2,
and d is the tube diameter in nm. We assume that Eq. 34
applies also to the LO mode of metallic tubes.
Fig. 16 plots the diameter dependence of the LO/TO
phonons as predicted considering only the effects of con-
finement (static and dynamic) or after the introduction
of the curvature effects (added using Eq. 34). In metallic
tubes, the relaxation of the static approximation intro-
duces a diameter dependence for the TO phonon, and
reduces the softening of the LO mode. This is a further
confirmation that in SWNTs dynamic effects cannot be
neglected. The most notable modification introduced by
curvature is the strong diameter dependence of the TO
mode in semiconducting tubes, which, according to pure
confinement, was predicted to be diameter independent.
Interesting, curvature almost perfectly compensates the
effects of confinement for the TO mode in metallic tubes
and for the LO mode in semiconducting tubes, resulting
in almost diameter-independent phonons. Finally, the ef-
fects of curvature in the LO modes of metallic tubes do
not substantially modify the trend due to pure confine-
ment, and result only in a correction of the phonon fre-
quencies. Fig. 16 is extremely important, and shows that
curvature has the effect of inducing a noticeable phonon
softening in small diameter SWNTs, for both LO and TO
modes.
A. LO-TO splitting
In Sections IV and V, we observed that quantum con-
finement has the effect of splitting the graphene Γ−E2g
phonon into a LO and a TO mode. Literature reports
indicate that in chiral tubes curvature effects may induce
17
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FIG. 16: (color on-line) Comparison between LO and TO
phonons. (a) for metallic tubes the phonon frequencies
are calculated using EZF-DFT within the static approxima-
tion (dotted line), EZF-DFT including the dynamic effects
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FIG. 17: (color on-line) Pattern of atomic displacements as-
sociated to a phonon derived from the graphene Γ−E2g mode
(a) as predicted by EZF-DFT and (b) as calculated in Ref. 51.
deviations from this behavior18,51. In Ref. 51, it was ob-
served that the eigenvectors of the LO and TO phonons
in the (9,3) tube are aligned to the C-C bonds, and devi-
ate by 16o from the axial and circumferential directions.
However, in the same paper, it was also reported that
for the (8,4) tube the deviation is reduced to 2o. Cal-
culations done in Ref. 18 show that for the (12, 6) tube
the deviation from purely LO and TO eigenvectors is 4o.
Using a symmetry adapted TB scheme, calculations per-
formed in Ref. 31 on 300 different SWNTs indicated no
substantial deviation of the atomic displacements from
the axial and circumferential directions. Fig. 17 shows
the very different predictions given by our EZF-DFT and
the calculations of Ref. 51.
The orientation of the atomic displacements in
phonons derived from the Γ − E2g of graphene can be
understood by considering the combined effects of con-
finement and curvature. The frequencies of the Γ− E2g
modes of graphene are degenerate, and the correspond-
ing eigenvectors can be oriented along any couple of in-
plane directions. Curvature and confinement both have
the effect of removing the degeneracy. The effect that
curvature and confinement have in orienting the atomic
displacements is proportional to the effect they have in
determining the LO-TO splitting. These contributions
can be read from Fig. 16, by comparing the curves be-
fore and after the introduction of the curvature correc-
tions. In metallic tubes the effects of confinement are
dominant over curvature, thus the modes derived from
graphene Γ − E2g are expected to be almost perfectly
18
LO and TO. In Section IV, and in Tab. III we pointed
out that the calculations in Ref. 51 were done using a
very limited number of k-points, and thus failed to de-
scribe the effects of confinement. This is also supported
by the results presented in Ref. 18. Indeed, calculations
of Ref. 18 are converged with respect to the number of
k-points, and show that for the (12,6) tube the modes
are almost perfectly LO and TO.
For semiconducting tubes, the effects of curvature are
dominant over the effects of confinement. In this case,
the almost perfect LO and TO character imposed by
confinement can be substantially perturbed by curva-
ture. However, it is important to remember that the
splitting caused by curvature is due to the different force
constants along the tubes axis and circumference. As a
consequence, phonons that present a strong curvature in-
duced splitting have to be oriented along directions for
which the difference between the force constants are sig-
nificantly strong. This means that the atomic displace-
ments have to be substantially aligned along the tube axis
and the tube circumference. This suggests that the devia-
tions from purely axial and circumferential displacement
have to be modest, and that it should be always possible
to classify the modes as almost LO and almost TO.
VII. INTERPRETATION OF THE RAMAN G
BAND IN NANOTUBES
We now show that combining curvature, confinement
and dynamic effects we can interpret the SWNT G peak.
The Raman spectrum of SWNT shows strong fea-
tures in the 1540-1600 cm−1 spectral region4,5,6,49,80,81,82.
This is the same region of the G peak in in
graphene16, graphite83 and amorphous and nanostruc-
tured carbons84,85.
As shown in Fig. 18, the G band of SWNTs consists of
two main peaks: G+ and G− 86. In semiconducting tubes
both peaks are sharp, while in metallic tubes the G−
is broader and downshifted.5,6,86,87,88,89,90,91,92,93,94,95,96.
For both metallic and semiconducting tubes, the position
of the G− peak depends on the tube diameter, having
lower frequency for smaller diameters, while the posi-
tion of the G+ peak is substantially diameter indepen-
dent86. As discussed in Section VI, curvature affects
more strongly the circumferential modes, thus the G+
and G− are commonly assigned to LO (axial) and TO
(circumferential) modes,respectively.5,86,87,88,90,91
Conflicting reports exist on the presence and rela-
tive intensity of the G− band in isolated versus bundled
metallic tubes. Some groups report that the intensity
of this peak in isolated tubes is the same as in bun-
dles,86,95,96 while others observe that it is smaller91,93,94
or even absent97. The downshift and the broadening of
the G− peak in metallic tubes is commonly attributed
to the onset of a Fano resonance between plasmons and
the TO phonon.90,91,92,97,98. Such phonon-plasmon cou-
pling would either need92 or not need90,98 a finite phonon
wavevector for its activation. The theory of Refs. 90,98
predicts the phonon-plasmon peak to be intrinsic in sin-
gle SWNT, in contrast with Ref. 97. On the other
hand, the theory in Ref. 92 requires several tubes (>20)
in a bundle in order to observe a significant G− inten-
sity, in contrast with the experimental observation that
bundles with very few metallic tubes show a significant
G−93,94,95,96,97. Ref. 92 also predicts a G− upshift with
number of tubes in the bundle, in contrast with Ref. 97,
which shows a downshift, and with Refs. 86,90,95, which
show that the G− position depends on the tube diameter
and not bundle size. Finally, the G− position predicted
by Refs. 92,98 is at least 200 cm−1 lower than that mea-
sured 5,6,86,87,88,89,90,91,93,94,95,96.
Thus, all the proposed theories for phonon-plasmon
coupling90,92,98 are qualitative, require the guess of sev-
eral quantities, and fail to predict in a precise, quanti-
tative, parameter-free way the observed line-shapes and
their diameter dependence.
Phonon symmetry proves that there are only 6 Raman-
active mode at Γ48,80,82,100: 2 A, 2 E1, and 2 E2. The
A modes are totally symmetric, have the highest EPC,
and correspond to the LO and TO modes we examined
in the previous Sections. In Fig.19 we compare the ex-
perimentally measured G+ and G− peaks to the calcu-
lated frequencies of the LO and TO phonons. The plot
of the phonon frequencies corresponds to the results of
static and dynamic EZF-DFT plus the curvature correc-
tion ∆ω.
For semiconducting tubes, our calculations support the
G+, G− assignment to the LO and TO phonons.
For metallic tubes, our LO and TO positions reproduce
the diameter dependence of the G− and the G+ peaks
respectively. Our assignment of the G peaks in metal-
lic tubes is thus the opposite of that in semiconducting.
This is emphasized in Fig.18, where we represent the cor-
respondence between the Raman peaks and the LO/TO
phonons.
Our calculations prove that the G− softening can be
precisely predicted by simply considering the coupling of
the LO phonon with single-particle electronic excitations.
Furthermore, in Ref.70, we have shown that our DFT
calculated EPC also account for the measured FWHM.
Vice-versa the experimental FWHM can be used to mea-
sure the EPC70. It is important to remind here that
only single resonance Raman can detect a G− with large
FWHM in metallic nanotubes70. The same metallic nan-
otubes measured in double resonance would have a sharp
G−70,93.
It is also interesting to consider if Raman scattering
can allow to probe regions very close to the anomalies in
Fig.12, 13, 14. This is not possible in the single resonance
approach, since it only probes q = 0. This might be pos-
sible in double resonant Raman scattering. In this case
the q = 0 rule is relaxed, and the scattering process in-
volves phonons with q 6= 049,101. However, only phonons
with q > ~ωΓ/β satisfy the conservation of energy and
momentum in a double resonant process. Fig. 12 shows
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FIG. 18: Raman G+ and G− peaks for semiconducting and
Metallic SWNTs (spectra adapted from Ref. 82). In semi-
conducting tubes the two peaks have a Lorentzian shape and
a FWHM of ∼ 12 cm−1. In metallic tubes the G− peak is
downshifted and much broader. Our assignment of the spec-
tral features is also indicated.
that for such q the anomaly is missed and the predicted
peak position is very similar to the q = 0 case. However,
crossing from single to double resonant would result in
a significant downshift of the TO mode, as for Eq.31.
This is consistent with the experimental data presented
in Ref. 93.
Further validation of our calculations with experiments
is provided by the analysis of the temperature depen-
dence of the G+ and G− positions.
As stressed in the previous Sections, here we do not de-
scribe the frequency shift induced by the presence of an-
harmonic effects. However, the effects of anharmonicity
are expected to be the same for the LO and TO phonons.
Thus anharmonicity does not affect the relative position
of these two phonons, which can then be altered only
by effects related to Te. The temperature dependence
of the G+ − G− splitting can be investigated using our
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FIG. 19: comparison between LO and TO modes of (a) metal-
lic and (b) semiconducting tubes and the experimental posi-
tion of the G+ and G− peaks of the Raman spectra of SWNTs.
The position of the LO and TO modes is calculated using
EZF-DFT and adding the curvature correction. In panel (a)
continuous lines represent the results of dynamic EZF-DFT
calculations, while dotted lines refer to static EZF. Open and
filled symbols represent respectively the measured position of
the G+ and G− peaks. Data from Oron et al.95 (squares),
Jorio et al.86 (circles), Maultzsch et al.93, (triangles), Doorn
et al.96 (diamonds), Meyier et al.99 (hexagons), and Brown at
al.90 (pentagons)
analytical model.
The difference between the frequency of the LO and
TO modes for metallic and semiconducting tubes of sim-
ilar diameter d = 1 nm is plotted as a function of Te in
Fig.20. For the semiconducting tube no effects related
to Te are expected, thus the splitting is temperature-
independent. For metallic tubes, the static and the dy-
namic model give very different predictions. According to
the static model, the frequency split should have a strong
logarithmic dependence on temperature, Eq. 26. On the
contrary the dynamic model, obtained by the numerical
integration of Eq. 10, predicts that the splitting (i) has a
maximum at Te ∼ 500K, (ii) it saturates for Te → 0, (iii)
for Te → ∞ it decrease monotonically, and (iv) in the
range T = 0 → 1000K it varies less than 10 cm−1. This
variation is function of the tube diameter, and is plotted
in Fig. 21. We observe that this value is extremely small
(∼ 2 cm−1) for large diameters, but rapidly increases for
d < 1.5 nm.
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FIG. 20: Te dependence of LO-TO splitting for a metallic
and a semiconducting tube, calculated using EZF-DFT and
including curvature corrections. The solid line corresponds
to results of dynamic calculations on a metallic tube; the
dashed line correspond to static calculations. The splitting
for a semiconducting tube is represented by the dotted line.
Experimental data from Ref.77, obtained from tubes
having d ∼ 1.0 nm, are in excellent agreement with the
prediction of the dynamical model. This confirms the
validity of our model and the inadequacy of a static ap-
proach for the investigation of the vibrational properties
of SWNTs.
VIII. CONCLUSIONS
We presented a detailed theoretical investigation of the
optical phonons of SWNTs. We first analyzed the static
DFPT approach and singled out the effects of curva-
ture and confinement. Confinement plays a major role
in shaping SWNT phonons and is often more relevant
than curvature. We presented an electronic zone fold-
ing method allowing the evaluation of confinement effects
on phonon-dispersions and electron-phonon coupling of
SWNTs of any diameter and chirality, and for any elec-
tronic temperature. We investigated Kohn anomalies and
Peierls distortions in metallic SWNTs with diameters up
to 3 nm and in a Te range from 4 to 3000 K. We then pre-
sented a simple analytic model exactly accounting for all
the static DFPT results. Finally, we proved that non adi-
abatic dynamic effects, beyond the Born-Oppenheimer
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FIG. 21: difference between the saturation value at Te =
0K and the maximum value at Te ∼ 500K of the frequency
difference of the G+ and the G− Raman peaks as a function of
the tubes diameter. The values are calculated using dynamic
EZF-DFT and including curvature corrections.
approximation, induce significant changes in the occur-
rence and shape of Kohn anomalies. We have shown
that it is necessary to consider dynamic effects in order
to correctly describe the phonon dispersions of SWNTs,
in contrast to what happens in most other materials. Fi-
nally we discussed the interpretation of the Raman G
peak in SWNTs. Only by combining dynamic, curvature
and confinement effects we can reach an agreement be-
tween experiments and theory. In metallic SWNTs, we
assign the G+ and G− peaks to the TO (circumferential)
and LO (axial) mode, the opposite of semiconducting
SWNTs.
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X. APPENDIX A
Here we derive the the relation between the SWNT
and graphene EPC presented in Section III, Eq. 13.
By definition of the EPC (Eq. 5):
D(k+q)n,km = 〈ψk+q,n|
∂Hˆ
∂R
εq,η|ψk,m〉, (35)
where Hˆ is the system Hamiltonian, R represents the
atomic coordinates, |ψk,n〉 is the electronic state of
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wavevector k and band n, and εq,η is the polarization
of a phonon of wavevector q and branch η. We define
|ψ1k,n〉 and ε1q,η the wavefunction and polarization nor-
malized to 1 on the unit cell. We also define |ψNk,n〉 and
ε
N
q,η the wavefunctions and the polarizations normalized
to 1 on a supercell composed by N unit cells:
|ψNk,n〉 =
1√
N
|ψ1k,n〉
ε
N
q,η =
1√
N
ε
1
q,η. (36)
The EPC calculated on the supercell is then:
DN(k+q)n,k,m = 〈ψNk+q,n|
∂Hˆ
∂R
ε
N
q,η|ψNk,m〉. (37)
This integral is equivalent to the sum of N unit cell in-
tegrals:
DN(k+q)n,k,m = N〈
ψ1k+q,n√
N
|∂Hˆ
∂R
ε
1
q,η√
N
|ψ
1
k,m√
N
〉
=
1√
N
D1(k+q)n,k,m. (38)
Considering a SWNT with a unit-cell containing N
graphene unit cells, Eq. 13 is immediately obtained.
Eq. 37 states that the EPC depends on the supercell
choice, as a consequence the EPC per se is not a physical
observable. In general, a physical observable is given by
the product of the square of the EPC times an electronic
density of states ρ:
ρ(ǫ) =
1
Nk
∑
kn
δ(ǫ− ǫn(k)), (39)
where the sum is performed on Nk wavevectors k and
on the bands n. ǫn(k) is the energy of |ψk,n〉. One can
easily check that ρ is proportional to N , the size of the
super-cell. Thus, the product |D|2ρ does not depend on
the super-cell chosen and can correspond to a physical
observable.
XI. APPENDIX B
We evaluate Eq. 16 to obtain the shape of the KA
at T = 0, presented in Section IV-E. For T = 0K, the
occupation factors f in Eq. 16 are 0 or 1. For q ∼ Γ the
non-analytic component of the dynamical matrix is then:
Θ˜q∼Γ =
AΓ
√
3a20
π2d
∫ k¯
−k¯
|D˜(K+k′+q)π∗,(K+k′)π|2
ǫ(K+k′)π − ǫ(K+k′+q)π∗
dk′, (40)
where π and π∗ indicate bands occupied or empty, respec-
tively (Fig. 2). Neglecting the dependence of |D˜| on k′
and assuming a linear dispersion for the electronic bands
ǫ(K+k′)π = −βk′ and ǫ(K+k′)π∗ = +βk′, Eq. 40 becomes:
Θ˜q∼Γ =
AΓ
√
3a20
π2d
(
|D˜LR|2
∫ −q
−k¯
1
β(2k′ + q)
dk′
+ |D˜LL|2
∫ 0
−q
1
−βq dk
′
+ |D˜RL|2
∫ +k¯
0
1
−β(2k′ + q)dk
′
)
. (41)
Here, the subscripts of D indicate whether we are consid-
ering electronic bands L or R (Fig. 2). The integrals can
be easily evaluated. Considering ln |2k¯+q| ∼ ln |2k¯| = Ck¯
and |D˜LR|2 = |D˜RL|2, we have:
Θ˜q∼Γ =
AΓ
√
3a20
π2dβ
[
|D˜LR|2(ln |q| − Ck¯)− |D˜LL|2
]
. (42)
We now distinguish between the two LO and TO
branches at q ∼ Γ. From Tab. I, we get |D˜LR| = 2〈D2Γ〉F
for the LO branch and 0 for the TO, while |D˜LL| =
2〈D2Γ〉F for the TO and 0 for the LO, thus
Θ˜LO =
AΓ
√
3a202〈D2Γ〉F
π2dβ
ln |q|+ C′k¯
Θ˜TO = −AΓ
√
3a202〈D2Γ〉F
π2dβ
, (43)
where Θ˜LO ( Θ˜TO ) is the non analytic component of
the dynamical matrix related to the LO (TO) branch.
C′
k¯
= Ck¯AΓ
√
3a202〈D2Γ〉F/π2dβ contains all k¯ dependent
terms. For q → 0 Θ˜LO → −∞, while Θ˜TO is a constant
independent on q. This explains the occurrence of the
KA only for the LO branch and its absence for the TO
branch in static DFPT.
The phonon frequencies ω are obtained by ω2 =
ℜe{(Θ˜ +Θan)/M}, where M is the carbon mass and the
analytic component of the dynamical matrix Θan is ex-
pected to have a very weak dependence on q. Conclud-
ing, at T=0, for q ∼ Γ, the frequencies of the LO and
TO branches are
ω2LO =
AΓ
√
3a202〈D2Γ〉F
π2dβM
ln |q|+ CLO
=
αΓ
d
ln |q|+ CLO, (44)
ω2TO = −
AΓ
√
3a202〈D2Γ〉F
π2dβM
+ CTO
= −αΓ
d
+ CTO, (45)
where the constants CLO/TO include all the contributions
from the analytic part of the dynamical matrix Θan and
all the non-divergent terms of Θ˜. For the numerical eval-
uation of αΓ we use: AΓ = 2, a0 = 2.46 A˚, β = 5.52
eV A˚, 〈D2Γ〉F = 45.60 eV2A˚−2, M = 12.01 a.m.u. The
corresponding equations for the KA at K are obtained in
a completely analogous way.
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XII. APPENDIX C
We determine the dependence on Te of the KA phonon
frequencies at q = Γ and q = K. We define:
f(x) =
θ(x) − θ(−x)
x
. (46)
Using Eq. 21, Eq. 25 becomes:
Θ˜Γ/K =
αΓ/K
d
∫ x¯
0
f(x)dx, (47)
where x¯ = βk¯/(TkB). We observe that limx→0 f(x) = 0
and that for x → ∞ f(x) ∼ − 1x . Since k¯ is chosen in
the linear range of the π and π∗ bands, βk′ is a frac-
tion of eV. Moreover, kB = 8.617 × 10−5eV/K, so the
condition βk′ ≫ kBT , corresponding to the x¯ → ∞, is
reached for T up to thousands K, well above any realistic
experimental condition. In Eq. 47 we replace f(x) with:
f˜(x) = f(x) for x < x1
f˜(x) = − 1
x
for x > x1 (48)
Eq. 47 becomes:
Θ˜Γ/K =
αΓ/K
d
[ ∫ x1
0
f(x)dx −
∫ x¯
x1
1
x
dx
]
(49)
Defining F (x) =
∫
f(x)dx, we get:
Θ˜Γ/K =
αΓ/K
d
[
F (x1)− F (0)− ln x¯+ lnx1
]
=
αΓ/K
d
ln
x0
x¯
=
αΓ/K
d
ln
T
T¯0
(50)
where ln(x0) = F (x1) − F (0) + ln(x1) and T0 = βk¯kBx0 .
Considering that the analytic part of the dynamical ma-
trix (Eq. 19) as independent from T , Eq. 26 is then ob-
tained.
XIII. APPENDIX D
We evaluate the frequency upshift of the TO mode
due to dynamic effects. From Eq. 30, we observe that,
for q=0, D˜TO = 0. Thus, from Eq. 19, one obtains that
for q=0:
(ωdynTO )
2 =
ΘanTO
M
. (51)
Since the contribution of the phonon energy in the de-
nominator of Θq is negligible for k away from the Fermi
surface, Danq is the same in the static and in the dynamic
case. Using Eqs. 19, 20 and 21, we get:
ΘanTO
M
= (ωstatTO )
2 − αΓ
d
. (52)
Eqs. 51 and 52 gives:
(ωdynTO ) =
√
(ωstatTO )
2 − αΓ
d
. (53)
Eq. 31 is finally obtained by using
√
1 + x ≃ 1+x/2 and
substituting the numerical value of αΓ.
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